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ABsTRACT. Let us consider the scattering theory of one-dimensional Schrédinger
equation defined by piecewise constant potentials with compact support. We construct
the asymptotics of reflection coefficient by iterating the transition matrices. The jump
points of the step potential appear in the asymptotics of reflection coefficient. Accord-
ingly, we investigate the modulus of reflection coefficient. The modulus is connected
to the zero set of reflection coefficient via Nevanlinna-Levin type of representation
theorem. The growth theory of zero set of the reflection coefficient plays a role.

1. INTRODUCTION

We consider the one-dimensional Schrédinger equation
— " (2, k) + q(2)(z, k) = K (z, k), z €R, (1.1)

where k? is energy, x is the space coordinate, and ¢(z) is the potential belonging to P(R),
the class of piecewise constant potentials with compact support. We assume there is no
eigenvalue of (1.1) in this paper. In particular, ¢(z) in (1.1) is piecewise-defined constant
function with the real value g, on the interval (x,_1,z,) for n =0,1,--- , N + 1, where
1 <0=zp< - <zy<azyy1=o00cand 0=¢y < q1 < --- < gy < oo. We require
that go = gn4+1 = 0 for the compactness of the support.

For such potentials, there are two linearly independent solutions of (1.1), fi(z,k)
and f,(z, k), known as the Jost solutions from the left and from the right, respectively,
satisfying the boundary conditions

filz, k) = e* x — o0; (1.2)

fr(z, k) =e % 2 - —oo0. (1.3)
The scattering matrix associated with (1.1) is defined as

T(k) R(k) ] |

S(k) = [ L 1 (1.4)

where T'(k) is the transmission coefficient, R(k) and L(k) are the reflection coefficients
from the right and from the left, respectively. These coefficients appear in the asymptotics
of the Jost solutions in the form

fi(z, k) = ﬁei’“ + %e_ikm, xr — —0o0;
(1.5)

—ikx R(k) Jikx
fr(x,k):ﬁe k +ﬁek , T — 00.
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We may consider the scattering phenomenon in time-dependent model through the
following one-dimensional wave equation

{ (D2 —DZ +V(x))As(z,y) = 0; (16)
Ag(x,y) =6(x —y), x>0,
where DyA_(z,y) = X(y — ) + Y (y + z). In particular [28, p. 727,
X(z) =& (z) + w&@ € LY(R) N L= (R); (1.7)
Y(y) — V(Z/Q) e LY(R) N L=(R), (1.8)
and
X (k) ~ ik — w +o(1), Sk > 0; (1.9)
Y (k) ~ o(1), Sk > 0. (1.10)

Hence, A4 (z,y) satisfies the wave equation with x taking the place of time (this choice is
dictated by the forcing condition imposed). The uniqueness part then follows from the
energy estimates of the wave equation [9, 35]. Accordingly, we can connect the scattering
matrix in (1.4) in form of

ik Y(k)

Sk T(k) RK)\ [ Xm Xk .
(k) = Lk T ) Y)é(_k’;) Xi(kk) ; (1.11)

Inverse scattering problems for (1.1) with a variety of conditions about the potentials
are abundant in the literature [6, 9, 8, 11, 24, 28, 32]. For integrable potential ¢(z) on
R with the finite first moment [11], Faddeev recovered ¢(z) from the bound states, the
bound state norming constants and the reflection coefficient. In [8], Deift and Trubowitz
proved that if two potentials have no bound states but with the same R(k), then the two
potentials are identical. This paper addresses the inverse scattering problem of recovering
information about the potential of (1.1) directly from the reflectivity |R(k)| = |L(k)|
without considering the bound states and the bound state norming constants. In this
paper, we analyze the compactly-supported potentials with a finite number of jump
discontinuities. Our aim is to determine the location and magnitude of the jumps from
the scattering data.

The phaseless problem arises from inverse scattering theory in many settings, e.g.,
electron microscopy, crystallography, medical imaging, astronomy, and nano-optics [6,
10, 12, 13, 16, 17, 18, 19, 20, 23, 27, 29, 30, 31, 33, 34]. To image the objects in
these micro/nano-structures, it is impractical to measure the phase of scattered waves.
Therefore, we are interested to study the inverse problem of (1.1) without the phase
information. That is to determine the potential V' by the measurements partially or
fully on functional modulus {|R(k)|,|L(k)|,|T(k)|} in (1.4). In optical imaging, when
the light (plane wave) originates from a laser, it is natural that the detection device,
e.g., charge-coupled device (CCD) cameras, photosensitive films, and human eyes, can
not measure the phase information of light wave. The optical devices rely on converting
photons to electrons (current), say, photodiodes, and do not allow for direct recording of
the phase. The electromagnetic field oscillates at rates of ~ 10'* to 10'6 Hz, to which
sometimes no electronic measurement device can follow. A regular crystal frequency
commonly used in watches is 2!° Hz. In this case, measuring the phase of optical waves
could involve additional complexity and budget. When there are no bound states, the
potential is determined by the reflection coeflicients. However, it is known that in general
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one cannot uniquely determine the potential solely neither from the reflectivity |L(k)|
nor |R(k)|. Let us refer to [4, 7, 19, 20]. For V. = V! 4+ V2, there is a series of uniqueness
by including the knowledge of known non-trivial potential V; which is placed to the left
of the unknown potential V5 [2, 3, 14, 15, 19, 20, 25, 26].

Now we state the main result of this paper.

Theorem 1.1. Let V7 € P(R) be potential function with reflection coefficient R’ (k),
j = 1,2 such that (1.1) has no eigenvalue. If reflectivity |R*(k)| = |R?(k)| for k € R,
then V1 = V2,

This paper is organized as follows. In Section 2, we will use Aktosun’s construction
[1] to establish the reflection coeflicient R(k) step by step through each discontinuous
point. In Section 3, we list a few results from complex analysis to investigate the zero
distribution of a function and its modulus. In Section 4, we will prove the main result of
this paper.

2. DIRECT SCATTERING ASYMPTOTICS

For the direct scattering problem, we construct the asymptotics of reflection coefficient
R(k). In particular, we consider the potential ¢(z) in (1.1) as a piecewise constant

function with the real value ¢, on the interval (z,_1,z,) for n =0,1,--- | N 4+ 1, where
—00 =21 <2y < - <Ny < yy1 = 0co. We note that ¢ = gny4+1 = 0 for the
compactness of the support. Let Ax, =z, — x,_1 for n =1,--- | N, in particular, and

let Azg = zo.
For each n =0,1,--- , N + 1, on the interval (z,_1, ), (1.1) becomes
- ¢N(xv k) = pi(k)¢($, k), T € (Tp_1,Tn), (2.12)
where p2 (k) = k? — g,,. More precisely, we define p,, (k) for Sk > 0 by choosing the branch

of pn (k) = \/k? — g, with Sp,, (k) > 0. Thus, p, (k) is analytic for Sk > 0 and continuous
on Sk > 0. For the case g, > 0, the map k — p,, (k) is one-to-one from {k : Sk > 0} onto

{pn :Spn >0\ {pn =it : 0 <t < \/gn}.

For the case ¢, < 0, the map k — p,,(k) is one-to-one from

{k:Sk>03\{k=it:0<t<vV=q.}
onto
We shall write k, = k(p,) for the inverse function, and note that k(p,) is analytic on

{pn : Spn >0 and |p,| > 1}.
Furthermore, we observe that the solution of (2.1) must be of form

ikx —ikx
age™ + Poe , T € (x_1,%0);
Y(z, k) = , , (2.13)
anezpn(sznfl) + ﬂnefzpn(wfznfl), = (xnflaxn);
forn=1,2,..., N4+1. There is a linear map from the coefficients (o, ) to (an+1, Bnt1),

which can be computed using the continuity of ¢ and ¢’ at x,,. Here we refer to [1].
Precisely,

w(fﬂm k) = ani1+ Bni1 = aneipnAwn —+ Bne_ipnAwnv
w/(xna k') = 7;pn—&-l(O‘n—i-l - /Bn—&-l) = ipn(a7LeipnAm" - ﬁne_ipnAm")v
we can find

[ Ont1 } = M, (k) [ gz } , (2.14)

ﬁn-{-l
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where
—1 .
11 1 0 11 elPnBTn 0
O R N S | R | ROV IRCSE
for n=0,1,--- ,N. Note that pg = py4+1 = k and Axg = xg. Moreover, we have

ON+1 a0
=An(k
[ﬁNH] N()[Bo}
where Ay (k) = Mpy(k)--- Mo(k). Since det(M,,(k)) = pn/pn+1, thus det(Ay(k)) = 1.
To precisely express the transition matrix Ay (k), we shall set

A(R) B(k)
An(k) = [ C(k) D(k) }

For the Jost solution f;(x, k), by the boundary conditions (1.3) and (1.2), we have
Qg Tglk QN41 eikon
= and - )
[ Bo ] %’Z [ AN+ } [ 0 ]

1

T(k)

and hence

thus, we know that

D(k) = ———e than and C(k) = e~ ken, (2.16)

On the other hand, for the Jost solution f,.(z, k), by (1.2) an
ikx N
Qg 0 QAN+1 e
= d = . s
{ Bo } [ 1 ] " { Br+1 ] [ e ]

Meikmw « A(k) B(k)
N 0 _
[ %)e—iszv 1 - AN(k) [ Bo :| n |: C(k) D(k)

N &

and hence

thus we also have

(k) = ﬁgg then and D(k) = ﬁe‘ik“’. (2.17)

For k real, it is well known that

T(—k)R(k)+T(k)L(—-k) =0
and

T(k)T(—k) + L(k)L(—k) =1,
we conclude that A(k) = ﬁeik”’. Thus

o= 48 B9 ][0 ][ e 5]
T(k)  T(k)

and hence
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The analysis for piecewise constant potentials begins from the study of the asymptotics
of M, (k) for sufficiently large k in Sk > 0. Following from

Pn k2 — dn dn+1 — Q4n 1
= SIS U S LY k
Pnt1 k%2 — gni1 * 2k? * <k4 ’ K] = eo.
we know that
1 0 1 0 Gn+t1—qn | 0 O 1
= _— ol—]. 2.18
[0 pn/pn+1:| [0 1]+ 2k2 {0 1]+ (14;4 (2.18)

Using the one-to-one correspondence between p,, and k, we use Newton’s binomial theorem
to deduce that, for Sk > 0 and |k| — oo,

@ (@)’ 1
Moreover, we have
eipnAwn 0 S z
I e (220)

Thus, by (2.6) and (2.8), (2.3) has the asymptotic behaviour

—a |Sk| Az,
Mn(k)zjn+qn+1%FJn+0<e>,

4k2 k4
where
etPnin 0 1 -1
Jp = [ 0 o—iPn AT, } and F = [ 11 }
for n=0,1,--- ,N. A simple computation gives that
N q —q |Sk|Azy,
AN(]C) = UO{Jn+WFJn+O(e % )}
- (2.21)
N N N n |Sk|x
_ nJﬁzw( i Jm>F(H Jm)+0(e i )
n=0 n=0 m=n-+1 m=0
Using two simple facts
m i 72“: pnAwn
e n=t 0
Jp =
117 —i 35 pnAan
n=l 0 e n=l
and
eta 0 1 -1 etb 0 6i(a+b) 7ei(a7b)
0 e—ta -1 1 0 e~ = _e—i(a—b) e—i(a—i—b) ’
we have

(L)1)

N n
Pm AT, Z( > - )pmAxm
—€

N
i3
e m=0

N

>

m=n+1 m=0

= ‘ " N
-t ( - Z ) Pm AT, —i Z Pm AT,
—e m=n+1 m=0 e m=o
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Thus,
N
i Z Pm AT, O
e m=0
An(k) = .
—i Z PmAT,
O e m=0
N n
N Z( > - X )PMA$m
dn+1 — 4n 0 _e \m=nf1 m=0
T2 T VA
n=0 - Z - Z p'mAzm
—e m=n+1 m=0 0

B\Sk\wN
10 (k ) |
Following from

k)
and comparing the entries of the above matrices, we deduce that

N N |Sklzy
Xz(k:k) = le) = exp {z (Z(k - pn)Axn> } +0 (m) ; (2:22)

_1 Rk —itkz N
— e 0
l i ] —[ 707 e [ avm,

( n=1
V() _ R _ s~gnpi—an [ d
T = ) = ;Texp ) m§+1pmAxm mz::OpmAxm kxpn
B\Sk\WN
+0 ( = ) , keC. (2.23)

Finally, using

R(k 1
RO) = 10
we obtain
N N ISkley
— 4K2R(k) = e 2ikaN Z(anrl — qn) €Xp {21’ Z pmAxm} +0 (ekQ> , (2.24)
n=0 m=n+1
that is, outside the poles of R(k),
N N ISkley
—4k*R(k) = Z(qnﬂ — qn) exXp {—Qikxn + 2 Z (pm — k)Amm} +0 (ek2> )
n=0 m=n+1
Example 2.1. Let us examine the case for N = 3. That is,
_4R2R(K) =  qre2Reot2i{(m k) ATt (p—k) Arat(ps—k)Azs)}
+(gs — qu)e2Re12i{(p2—k) Aot (ps—k) As))
(g5 — q2)6—2ik$2+2i(p3—k)A13

|Sk|zg
_9; €
—qze” 2T L O ( 12 > ,

mA m 'm QA m 1
oAz, = kAL — & 2; _ e ékg Im 40 () . (2.25)

where




122 LUNG-HUI CHEN

3. ZEROS OF EXPONENTIAL POLYNOMIAL

For reader’s connivence, we review some results from complex analysis [5, 21].
Definition 3.1. Let f(z) be an entire function. Let

My (r) := |I§1|a:>;|f(Z)|~

An entire function of f(z) is said to be a function of finite order if there exists a positive
constant k such that the inequality

M(r) < e™

is valid for all sufficiently large values of r. The greatest lower bound of such numbers &
is called the order of the entire function f(z). By the type o of an entire function f(z) of
order p, we mean the greatest lower bound of positive number A for which asymptotically
we have

Mf(T’) < BAT .
That is,

In M
op = lirrisup nij(r).

If 0 < oy < 00, then we say f(z) is of normal type or mean type. For o; = 0, we say f(z)
is of minimal type.

We refer the details to [21].

Definition 3.2. Let f(z) be an integral function of finite order p in the angle [0, 65].
We call the following quantity as the indicator function of function f(z).

hy(9) := lim M

r—00 r

791§0§02~

Lemma 3.3. Let f, g be two entire functions. Then the following two inequalities hold.

hg(0) < he(8) + hy(9), if one limit exists; (3.26)
hytq(0) < max{hy(6), he(6)}, (3.27)

where the equality in (3.26) holds if one of the functions is of completely regular growth,
and secondly the equality (3.27) holds if the indicator of the two summands are not equal
at some 0.

Proof. We can find the details in [21]. O

Definition 3.4. The following quantity is called the width of the indicator diagram of

entire function f:
0

d="hy(5)+hs(=3).

Theorem 3.5 (Cartwright). Let f be an entire function of exponential type with zero set
{ar}. We assume f satisfies one of the following conditions:

0o 1.+
the integral / M

5 dx exists.
R

|f(x)] is bounded on the real axis.

Then
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(1) all of the zeros of the function f(z), except possibly those of a set of zero density,
lie inside arbitrarily small angles | arg z| < € and | arg z — 7| < €, where the density

N(f,— N —
As(—e,€) =Ap(m—e,m+¢) = lim Nifizeer) = lim (fm—emter)

r—00 r r—00 r

. (3.28)

1s equal to %, where d is the width of the indicator diagram in (3.4). Furthermore,

the limit 6 = lim, o 6(r) exists, where
o(r) :== Z i;
{lax|<r}
(2) moreover,
As(e,m—e€) = Ay(m+¢,—¢) =0;
(3) the function f(z) can be represented in the form

_ m_ikz |3 _i
@) =eme im J] -2,
{lar|<r}

where ¢, m, Kk are constants and k is real;
(4) the indicator function of f is of the form

hy(0) = o|sinb|. (3.29)
We refer the last statement to Levin [22, p. 126].
Lemma 3.6. Let Blaschke product of zeros of }A/'J(/c) be defined as

Bik) =[] — O
n=1' " b
where {b]} are the zeros of Y3 (k) in Ct. Then, the indicator function
hgi(0) = 0.
Proof. We refer the theoretical details to Boas [5, p. 115], and Levin [21, p. 139; p. 237].

O

Lemma 3.7. The Fourier transform X (z) as in (1.6) is of Cartwright class, and the
function can be represented in the form
X(2) = cz™e' lim H (1- i), z =z + 1y,
R—o0 n
‘UW,|<R
where 6 € R, and the following integral converges:
* In* | X ()|
[W 22 dx < oo. (3.30)

Similar results hold for Y (k).
Proof. We refer the definition of Cartwright class to [21, 22]. O

Theorem 3.8 (Nevanlinna-Levin). If the function F'(z) is holomorphic and of exponential
type in the half-plane Sz > 0, and if (3.30) holds, then

(1)

> 1 - = ) .
F(Z) azk _ ez"/eu(z)+w(z)7 (331)
k=1~ ak
where ||
Yy n 4
== ——dt
uz) = /,oo C—ap 4yt oY
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of =hp(%), v(z) is the harmonic conjugate of u(z), and {ax} are the zeros of
the function F(z) in the half-plane Sz > 0;

(2)

y (7 In|F(t ,
ln\F(z)|:;/ (t_lc)(ﬂdt+0;y+lnx(z), z =z +1y,

where

£

oo
i b
Proof. We refer the proof to [21, p. 240].

m\‘

O
4. PROOF OF THEOREM 1.1
From theorem assumption, we use the unitary property of (1.11). Thus,
T(k)* + [R(k)* = 1.
If |RY (k)| = |R?(K)|, then
T (k)| = [T*(K)|, k € R,
Hence, by analytic extension,
RY(E)R'(—k) = R*(k)R*(—k); T* (k)T (—k) = T*(k)T?(—k), k € C. (4.32)
From T (k)T (—k) = T?(k)T?(—k), we deduce that
XY k)XY (—k) = X2(k)X?(—k), k € C. (4.33)

We have assumed that V7 has no eigenvalue, so the zeros of X L(k) are all in C~. In
this case, we deduce from (4.33) that X'(k) and X2(k) have the same zero set in C~.
Moreover, we use Theorem 3.8 in C* to deduce that

IR . = 1- %
X'k I — = X2 (k H — (4.34)
n=1 al n=1 a?
where {a’ } are the zeros of X (k) in C* which is empty by assumption, that is,
XY(k) = eV X2 (k). (4.35)
Using (1.9), we obtain that
XY(k) = X%(k). (4.36)
Moreover,
. Yi(k
Ri(k) = = k) 10 (4.37)
X7 (k)
Hence, we have
YYE)Y(=k) = Y2(k)Y?(=Fk), k € C, (4.38)
to which we use Theorem 3.8 again in CT to deduce that
oo 1 — = oo 1 — ?
H bu — et Yz(k) H , for some 7' € R, (4.39)

n=1 b2

T
where {b] } are the zeros of Y7 (k) in C*. Using Cartwright’s theorem Theorem 3.5, there
is root set {ko} solves

oo 1— ko o 1— ko

& b, 2 b,

YV (ko) = Y2(ko) [ ] — (4.40)
n=1 bl n=1 b2
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That is 4" = 0. Using (4.36), (4.37) and (4.39), we deduce that

o 1 — & o 1— £

by, b
R'(k) ] — =R (k) [] — (4.41)

n=1 bL n=1 b2

Using (2.25), for j = 1,2,
) = 3~ e {205 3 - 0ae )
n=0 m=n+1
e|&‘rk\z§\,

+0 12 , Sk > 0. (4.42)

We use (2.25) to deduce, for j = 1,2,

N Sk|ad
. . A o 1 e N
— 4k*RI(k) = ”;)(qfl+1 —q))exp {QkaiL + O(k)} +0 (162) : (4.43)
that is,
, N . 4 1 e‘s‘k‘ﬁv
—4K*RI (k) = n;](qu — ¢) exp { —2ika] } (1 + O(k)> +0 —7 | (4.44)

Using (4.41) and (4.44), we deduce that

oo 1 — % N 1 e\%k\zgv
H - bé Z(q}H_l —q}L)eXp{f%kx}L (1+O(k)) +0 2
n=1 n n=0

n=0

o 1— Eﬁz N 1 6|‘3k .
_ n 2 2 . 2
- H 1 k. Z(qn+1 - Qn) €xp {_2’kan,} <1 + O(k’)) + @) k2 .

That is

n=0

N 1 e\smm{\,
B (k) {Z(qﬁm —q}) exp {—2ikx}} (1 + O(k)) L0 (m) }

N 1 ISkl
_ n2 2 2 27,2
= B%(k) {;{)(qml — q2) exp {—2ika? } <1 + O(k)) +0 ( 3 ) } (4.45)

Let us define

N Isk|ad,
H (k) = ;(qiﬂ — q}) exp {—2ika}, } (1 + O(k)> +0 | —5—

Using Lemma 3.3 and Lemma 3.6, we deduce that the indicator function

hyi(6)

= 23:3;, sin 0;
hpi(0) =0, 0 € (0,n).
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We deduce that z}, = 22, from (4.45) and (4.46). Therefore, we multiply (4.45) by e2#ox
and deduce

B'(k) {Z(q,ll+1 — qp,) exp { —2ika, + 2ikx} } (1 + O(]i)) +0 <6_k2N> }

n=0

N 1 e—|§}k\z§v
— B2(k) {Z(qiﬂ — ¢2) exp { —2ika? + 2ikz% } (1 + O(k)) +0 <k2> } .

n=0

Let compute the indicator function in C* again from both sides of (4.48), and deduce

zh — 2k, = 2% — 2%_,. Consecutively, so we obtain that

{on} = {a0}).

Now we obtain

B'(k) {Z(q}l+1 — qp) exp { —2ikz, + 2ikxy } (1 + O(;)) +0 <6_k2N> }

n=0

N — ISkl
. ) 1 e
= B2(k) {gg(qi“ — q2) exp { —2ikx,, + 2ikz ), } (1 + O(k:)) +0 <k12> } ,
where B'(k) and B?(k) have no zero on real axis. Therefore, we deduce that
N
1
Y (B B)(ani1 — an) = B2 (k) (@711 — ap) exp {=2ika, + 2ikay } (14 0(7)
n=0
—Isklzl;

e
YO
We use Lemma 3.3 to compare the indictor function on both sides of (4.48), and deduce
consecutively that

) =0. (4.48)

To=x1 = =2ITp, (4.49)
which is not true unless B (k)(q} ., —q;)—B?(k)(¢2,1—¢2) = 0. Since |B*(k)|=|B*(k)| =
1 for real k,

Q'rlz—i-l_qu:%?t-l-l_qgwn:o’lf"’N' (450)
Then,
¢ =q¢,n=0,1,---,N.

This proves the theorem.
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