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ON THE RANGE OF A GENERALIZED DERIVATION

HAMZA EL MOUADINE, ABDELKHALEK FAOUZI, AND YOUSSEF BOUHAFSI

ABsTRACT. Let £(H) denote the algebra of all bounded linear operators on a complex
infinite dimensional Hilbert space H into itself. Given A, B € L(H), the generalized
derivation d4,p € L(L(H)) is defined by d4,5(X) = AX — XB. For hyponormal
operators A and B, L.A. Fialkow gave necessary conditions for which the range of
d4,B is norm closed in L(H) [13]. In this paper, we present necessary or sufficient
conditions under which the generalized derivation d4 g has closed range, where A
and B are p-hyponormal operators. We give a characterization for the range of 4, p
to have closed range in the case when A and B are cyclic subnormal operators.

INTRODUCTION

Let H denote a separable infinite dimensional complex Hilbert space, and let £(H) denote
the algebra of all bounded linear operators on H into itself, with identity I. For operators
Aand Bin L(H), let Ly and Rp € L(L(H)) denote respectively the operators

Li(X)=AX , Rp(X)=XB

of left multiplication by A and right multiplication by B. The generalized derivation
04,8 € L(L(H)), is defined by

Sa5(X)=(La—Rp)(X)=AX — XB.
Recall that an operator A € L(H) is said to be p-hyponormal, for some 0 < p < 1,
if (A*A)P > (AA*)P, where A* denotes the adjoint of A. A p-hyponormal is called

hyponormal if p = 1, and semi-hyponormal if p = % An invertible operator A is called
log-hyponormal if log(A*A) > log(AA*).

Let A = U|A]| be the polar decomposition of A, we define the Aluthge transform of A by
A =|A|zU|A|z. An operator A is said to be w-hyponormal if

|A] > |A] > [(A)*].

It is well known that the class of w-hyponormal operators contains both the log- and
p-hponormal operators.

An operator A on H is called subnormal if there exists a Hilbert space K with H sub-
space of K, and a normal operator N € L(K) such that N(H) C H and the restriction
N|H = A. The operator A is cyclic if it has a cyclic vector.

The purpose of this paper is to present necessary or sufficient condition under which the
generalized derivation 64 g has closed range, where A and B are p-hyponormal operators
or A, B are cyclic subnormal operators. Many authors have studied the problem of
characterizing when the range of d4 5 is norm closed in £(H)([15]).

In [6], J. Anderson and C. Foias proved that if A and B are scalar operators on a Banach
space, then R(d4, p) the range of d4 p is norm closed if and only if 0(A) N o(B) contains
no limit point of o(A) U o(B), where o(A) denote the spectrum of A.
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In particular, if A € £(H) is similar to a normal operator, then 64 = d4, 4 has closed
range if and only if ¢(A) is finite.

J. Stampfli [21] proved that if A is hyponormal, then R(d4) is closed if and only if o(A) is
finite. Subsequently, C. Apostol and J. Stampfli studied inner derivation §4 with closed
range for the cases in which the operator A is compact, nilpotent or a weighted shift [5]. C.
Apostol characterized the Hilbert space operators which induce inner derivations having
closed range[4]. More precisely, he showed that the range of the derivation d4, is closed if
and only if A is similar to a Jordan operator. A.Fialkow and D.Herrero [14] extended
Apostol’s results to the Calkin algebra C(H) = L(H)/K(H), where C(H) denotes the
norm-closed ideal of all compact operators in £L(H) .

Our principal objective is to study the closedness of the range of the generalized derivation
04,8, where A and B are p-hyponormal operators or cyclic subnormal operators. We
shall present necessary or sufficient condition for 64 g to have closed range. Some related
results are also given.

We shall use the following notations and terminology. For a bounded linear operator 7', we
shall denote the kernel, the orthogonal complement of the kernel, the range of T' by ker(T),
kerJ‘(T) and R(T) respectively. The spectrum, the point spectrum, the approximate
point spectrum, the approximate defect spectrum (or the surjectivity spectrum) and the
resolvent set of T' will be denoted by o(T"), 0,(T), 0ap(T'), 0s(T") and p(T) respectively.
The spectrum, the point spectrum, the approximate point spectrum and the approximate
defect spectrum of T" are defined as follows:

o(T)={AeC : T — Al isnot invertible }
op(T)={A € C : T— Al is not injective }
Oap(T) ={A€C : T— Al is not bounded below}
os(T)={AeC : T — Al is not surjective}
The spectral radius of T is defined by

r(T) = sup {m Ae J(T)}

Recall that for z,y € H, the rank one operator z ® y is defined by (z ® y)z = <z, y>x for
all z € H. Given T € L(H), the lower bound of T is defined by

”TxH L3 £ 0}

el

m(T) = inf{

It is well known that :

i(T) = sup m(T”)% = lim m(T")%

n n

(see ([18]) for further details). Any other notation will be explained as and when required.
1. PRELIMINARIES

We start this section by recalling the following definitions.

Definition 1.1. ([20]) The joint point spectrum o;,(A) is the subset of 0,(A) that
consists of A € C such that there exists a nonzero vector x with Ax = A\x, A*x = Azx.

Definition 1.2. ([20]) A scalar X is in the joint approximate point spectrum o, (A),
if there exists a sequence {z,} of unit vectors in H such that (A — A)x,, — 0 and

(A* = Nz, — 0 as n — 0.
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Definition 1.3. (|20]) A scalar A € C is in the reducing essential eigenvalues R.(A), if
there is an orthonormal sequence {z,} in H such that

(A= Nz,|| — 0 and ||(A* — Nz, | — 0.

Evidently, we have the inclusion R.(A) Uo;,(A) C 0,4(A). The opposite inclusion also
holds from Theorem 6.1 [20].

Proposition 1.4. ([20]) Let A € L(H), then 0j,(A) = Re(A) U g;p(A).
Proposition 1.5. Let A € L(H). If ker(A — \) is a reducing space of A, then we have
R(A — ) closed = X is isolated in oqp(A).

Proof. Suppose that ker(A — A) is a nontrivial reducing space of A. With respect to the
decomposition H = ker(A — \) @ ker(A — \)* we have

A0
(),

It is easily seen that o,,(A) = {A} Uogp(A’). The closedness of the range of

0 0
A’\(o A’—A)’

implies that R(A" — A) is closed. It follows that (A’ — A) is injective with closed range,
hence A ¢ oqp(A’). Since 04p(A’) is compact and X ¢ 0q,(A’), then V = C\ 0g4,(A’) is
an open neighborhood of A and o,,(4) NV = {A}. Thus, X is isolated in q,(A). O

Corollary 1.6. Let A € L(H) be a w-hyponormal operator. If 0 # X € 04,(A) and
R(A — X) is closed, then A is isolated in 0qp(A). Furthermore, if A is p-hyponormal, the
preceding assertion holds also for A = 0.

Proof. Tf A is p-hyponormal, then for every A € C, the subspace ker(A — ) is a reducing
space of A. The same if A is w-hyponormal except possibly A = 0 (see [3]). O

The following proposition is due to L.A. Fialkow [13, Corollary 4.5]. This proposition
plays important roles in our arguments.

Proposition 1.7. Let A, B € L(H). If the range R(4,B) is closed, then we have
i) R(A— ) is closed for all X € R.(B).
ii) R(B — A) is closed for all X € R.(A).

Theorem 1.8. Let A be a bounded operator and J a curve of the complex plane. We
suppose that J and 0,,(A) are disjoint, then we have

JNo(A)£0=JCo(A).

Proof. J is defined by a continuous map ~ from [a,b] to C (v([a,b]) = J).
First, we shall prove that the following set of intervals ordered by inclusion has a maximal
element by Zorn’s Lemma

I =A{[a",b]Cab] : ~(la",b]) Co(A)}.

Next we prove that Z is not void. Since J No(A) # 0, there exists ¢y € [a,b] such that
~(to) € o(A). The assumption J N oy,(A) = 0 implies that J N do(A) = () and hence

~(to) € 0(A). By continuity of -, there exists an interval L neighborhood of ¢y such that
~v(L) C a(A).

Let C = {[a;, b;]}, C Z be a nonempty chain of intervals. Put I = [inf; a;, sup; b;] C [a, b],
then I € Z and it is an upper bound of C. Indeed, evidently [a;,b;] C I for all i. Let
inf; a; <t < sup; b;, then there exists ¢ and j such that a; < ¢t and ¢t < b;. Since C is a chain,
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la;,b;] and [a;,b;] are comparable with inclusion ([a;,b;] C [a;,b;] or [a;,b;] C [a;,b;]).
We get t € [a;,b;] or t € [aj,b;], hence v(t) € o(A).

We have proved that «(]inf; a;,sup; b;[) C o(A). By closedness of o(A) and continuity of
v, we get [ € 7.

We conclude that Z has a maximal element [a’,b'] € Z. If ¥’ < b, by the continuity of v
and v(b') € 0'(014), we can find € > 0 such that v([b' — €,b’ +€]) C o(A). It follows that
[a',b + €] € T which contradicts the maximality of [a/,d']. Hence necessarily b’ = b and
similarly a’ = a. Consequently J C o(A), and the proof is complete. O

Corollary 1.9. Let A € E(fi) and U an unbounded open connected set of C. If
oap(A)NU =0, then c(A)NTU = 0.

Proof. Suppose that o(A) NU # (. Let z, be an unbounded sequence of U and z €
0(A)NU. The connectedness of U implies that z and z, can be joined by a curve
J C U. Since J Nogp(A) =0 and J No(A) # 0, Theorem 1.8 implies that J C o(A4). In
particular o(A) contains an unbounded sequence which contradicts the boundedness of

o

A. We have proved that o(A)NU = (. In fact 0(A)NU = @ and do(A) N U = (), thus
o(A)NTU = 0. O

Definition 1.10. ([10],[16]) A vector e, € H is cyclic for A € L(H), if H is the smallest
invariant subspace for A that contains ey. The operator A is said to be cyclic if it has a
cyclic vector.

Definition 1.11. ([10],[16]) An operator A € L(H) is called subnormal, if there exists a
Hilbert space K and a normal operator N € L(K), such that H is a subspace of K and
A = NJ|H. The operator N is called a normal extension of A.

Corollary 1.12. Let A € L(H) be a cyclic subnormal operator and J a Jordan curve
with J N ogp(A) = 0. If J surrounds elements of o4,(A) (i.e the intersection of the
bounded component of C\ J with 04,(A) is not empty), then J No(A) = 0.

Proof. Suppose that J N o(A) # 0. Tt follows from Theorem 1.8 that J is contained in
o(A). But 04,(A) NJ = 0 which yields that J is subset of the open set o(A) \ 0,4p(A).
J is contained in a connected component U of the open set o(A) \ 04p(A). It results
from [10, Proposition 7.12] that U is simply connected. Thus the bounded component of
C\ J is contained in U. Then we get U N o,y (A) # 0, which contradicts the fact that
U Co(A)\ ogp(A4). O

2. MAIN RESULTS

Theorem 2.1. Let A, B € L(H) be p-hyponormal operators. We consider the following
assertions

(i) The range R(da,B) is closed.
(ii) R(A—A) and R(B — \) are closed for all A € 04p(A) Noap(B) (whenever the
intersection is not empty).
(iil) Every number in oqp(A) N oep(B) is isolated in 0qp(A) U oqp(B) (whenever the
intersection is not empty).

Then we have the implications (i) = (ii) = (iii).
Proof. (i) = (ii) We prove first that R(A — A) is closed for all A\ € o;,(B). Since

0a-xB-x = 04,8, we can suppose 0 € o;,(B). Let z be a unit vector such that
Bz = B*x =0 and z,,y € H such that Az,, > y. Weput X, =2, @z and Y =y ®z,
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then for all z € H we have
d4,B(Xn)(2) =Y (2)

(z;x) Ay, — (z; B x)xn — (2;2)y
= (z2)(Arn —y).
Hence, we get
164.8(Xn) =Yl < [|Azn —ylla.

From this inequality, we obtain d4,5(X,,) — Y. Since R(d4,5) is closed, then there exists
X € L(H) such that §4 g(X) =Y. We have

AX(z) — XB(x) =AX(z) - 0=Y(z) =y.

By Proposition 1.7 and Proposition 1.4 it follows that R(A — A) is closed for all \ €
R.(B) Uojp(B) = 0j4(B). Since B is p-hyponormal, it results from [8, Theorem B] that
Oap(B) = 0j4(B). Then R(A — A) is closed for all A € oq,(B).

We will show that the range of dp~ 4« is closed. Indeed let X,,,Y € L(H) such that
dp+ a«(X,) = Y, then

164,8(X5) = (=Y*)| = [[0a,8(X;) = (=Y")*|| = |65+ 4« (Xn) = Y| = 0.

Thus there exists X such that 04 p(X) = —Y™. It results dp« 4«(X*) =Y, i.e R(0p~ a~)
is closed. Using a similar argument as above we can show that R(B* — )) is closed,
which is equivalent to the closedness of R(B — \), for every A € 0;,(A*) ( equivalent to
X € 00(A)).

Using Proposition 1.7 and Proposition 1.4 , we get R(B — \) is closed for all A €
R.(A)Uo;p(A) = 0j,(A). Since A is p-hyponormal, it follows from [8, Theorem B]| that
Oap(A) = 0j4(A). Finally R(A — ) and R(B — A) are closed for all A € o4p,(A) Nogp(B).

(ii) = (iii) Let A € 04p(A) Nogp(B) and assume that R(A — X) and R(B — A) are closed,
then Corollary 1.6 implies that ) is isolated in 0,4, (A4) and o4, (B). O

The following Corollary is a generalization of Stampfli’s Result [21] to the larger class of
p-hyponormal operators.

Corollary 2.2. Let A € L(H) be a p-hyponormal operator, then the range of §4 is closed
if and only if 0(A) is finite.

Proof. Suppose that the range of § 4 is closed. We deduce from Theorem 2.1 that every
element in o,,(A) is isolated, then o,,(A) is a finite set. Since do(A) C 04p(A), we get
that o(A) is finite.

Now if o(A) is finite, we deduce from [9, Theorem 5] that A is normal with finite spectrum.
We conclude immediately the closedness of the range by the following general statement:
If A e L(Hy) and B € L(H3) are normal operators with finite spectrum, then the
range of 4 p (acting in the space L(Ha, Hy)) is closed. Indeed, with the decomposition
Hy =ker(A—XM\)®...®&ker(A—\,) and Hy =ker(B — 1) @ ... Dker(B — p,,), we can
write A and B as diagonal operators with spectrum respectively A, --- A, and pq, - - - .

SUSTL AT >

B

of the range of 64 5. O

Definition 2.3. ([7]) Let E be a Banach space. An operator A € L(E) possesses a
generalized inverse, if there exists an operator T € L(F) such that

ATA=A and TAT =T.

In this case we will say that T is the generalized inverse of A.
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Remark 2.4. 1) To prove the existence of a generalized inverse for A, it is sufficient to
prove the existence of S € L(F) such that ASA = A. We note that if A has a generalized
inverse, then R(A) is closed.

2) In Theorem 2.1 the equivalence (i) < (iii) cannot hold in general [13, Example 4.9].
But what about the equivalence (i) < (ii)? This latter question is raised by L.A. Fialkow
in the case of hyponormal operators [13, Question 4.11]. In what follows, we shall give a
positive answer to this problem for a restricted class of operators.

Proposition 2.5. Let A € L(H;) and B € L(Hz) be cyclic subnormal operators, and
04,8(X) = AX — XB defined in L(Hy, H1). If 04p(A) Nogp(B) =0, then the range of
04,8 1s closed.

Proof. We shall prove that d4 p has a generalized inverse (the proof is inspired by
Rosenblum’s integral representation, see [19] and [12, Theorem 3.1]).

If 04p(A) Nogp(B) = 0, there is a Cauchy domain D such that o4,(A) C D and
D C C\ 04p(B) (left resolvent of B).

Allan’s Theorem ([1], [2]) ensures the existence of analytic left inverses L4 (\) and Lp(\)
of A and B respectively such that

LaO)(A =) =Ig,, A€ C\ oap(A).

Lg(A\)(B—=A) =1In,, A€ C\ gu(B).
D is the disjoint union of finite number of components D;, all of them are Cauchy domains
and D; N D; =0 for i # j. Lp()) is analytic in a neighborhood of the bounded closed
region D;. Cauchy’s Theorem implies that [, Lp(A)dA = 0, hence [, Lg(A)d\ = 0.
Let us define the bounded operator

R(Y) = L/ La(NMYLg(N)dA, Y € L(Hs, Hy),
21 Jop

0D is positively oriented. Given X € L(Hs, Hy), then

Roap(X) — % [ LA = )X = X(B = ML)
1 1
= 55 | XLsar- oo /8 | La)X(B = NLp(A)dA
— 0L [ La)X(B = NLs(3)dr
21t Jop
dapRéaB(X) = 2;732 8D(A ~A+ANLAN)X(B — N Lp(\)dX
% LaNX(B — NIp(\) (B — A+ A)dx
T JoD
_ 2;731 (A~ NLaNX(B — NLs(A)dA
oD
+ [ La)x(B =N
2w Jop

The boundary 9D consists of disjoint Jordan rectifiable curves J; U Jo -+ - U J,.

e If J; does not wind around points of 04,(A) and o,,(B), then a simple application
of Cauchy’s Theorem gives

/ (A= NLANX(B - NLp(A)dA = 0.
Ji



ON THE RANGE OF A GENERALIZED DERIVATION 135

e If J; winds around some elements of 4,(A), but doesn’t do so for elements of
0ap(B), we deduce by Corollary 1.12 that J; N o(A) = 0. Then, it results from
Cauchy’s Theorem that

/ (A= NLaN)X(B—NLg(\dr = / (A= N)(A =N ""X(B = \)Lg(A\)dA
J; Ji

— /X(Bf/\)LB(A)dA
Ji
= 0.

The same argument for the case in which J; surrounds elements of o,,(B), but
not so for o4, (A4).

e If J; winds around elements of 0,,(A) and oqp,(B), then again Corollary 1.12
implies that J; No(A) = J; No(B) = (). Immediately we have

/ (A= N)LaW)X(B - VLp(\dr — / (A= A)(A—N)"LX(B - 2)(B - \)~ld
Ji Ji

= / Xd\ = 0.
Ji

/ (A= NLANX(B = ALg(\)d\=0.
oD

Consequently, we get

We can remark above the crucial role played by Corollary 1.12 (and hence the hypothesis
of cyclic subnormality) to eliminate the last integral.

Since D is a Cauchy domain, the open set C\ D consists of a unique unbounded component
U and a finite number of bounded components Uy, each one of them is a Cauchy domain.
Applying Cauchy’s Theorem in every Uy gives

/ LA(AN)X(B = \)dA = 0.
OUy

Since 0D = 9(C \ D) = Up0U}, U OU = UpdU;, UO(C\ U), one obtains

1
SapR0AB(X) = / _ La(NX(B = M\)dA.
a(C\D)

T 2mi
U is an unbounded connected set and o,,(A) NU = 0. We get by Corollary 1.9 that
o(A)NU = 0, that is, o(A) is contained in the Cauchy domain C\ U (we can use the
Riez-Dunford functional calculus in this domain).

1
04,BRIAB(X) = o e (A= X)"1X(B — \)dA
1 1
- (= (A= N dNXB — (5— / MA = A) 1AV X
27 Jo(c\U) 21t Joc\T)

~XB+ AX =645(X).
O

Theorem 2.6. Let A,B € L(H) be cyclic subnormal operators. Then the following
statements are equivalent:
(i) The range R(da,B) is closed.
(ii) oap(A)Noep(B) =0, or R(A—X) and R(B — X) are closed for all X € 0q,(A) N
Oap(B).
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Proof. (ii) = (i) If 04p(A) N 0ap(B) = 0, using Proposition 2.5, R(d4,p) is closed.
If 04p(A) Nogp(B) # 0, using Theorem 2.1, 04;,(A) N0y, (B) consists of finite number of
scalars A1, Aa, ..., An.
Put H = ker(A— X)) @ ... D ker(A— \,) and Hy = ker(B — A1) @ ... D ker(B — \p).
Since A and B are subnormal operators, the sums are orthogonal (hence H; and Hs are
closed subspaces). Furthermore, H; and Hs reduces A and B respectively
Hy Hy
A:(/(l)l X) and B:(B;)l B?) ,
2 HlL 2 H2L
where A; and B, are normal operators with finite spectrum. A; and B; remain cyclic

subnormal operators. The hypothesis of closedness of R(B — )\;) and R(A — ;) implies
that o4y (A2) N oap(Ba) = 0ap(A1) N oap(B2) = 04p(A2) Nogp(Bi) = 0. With respect to

this decomposition, let X = X XQ) € L(Hy ® Hy, Hy @ Hi-). We have

X; X4

_ §A1,31(X1) 6A1,BQ(X2)
5A,B(X)* <6A2731(X3) 6A2,Bz(X4) .

Proposition 2.5 implies that R(d4,.8,), R(d4,,5,) and R(d4,, B,) are closed. In addition
Ay and B are normal operators with finite spectrum, then R (44, 5,) is closed (see the
proof of Corollary 2.2). We conclude that R(d4,p) is closed.

For the remaining implication (i)=- (ii) it suffices to apply Theorem 2.1. O

Let B denote a weighted right shift on li defined by Be,, = spen+1, where (e,) is an
orthonormal basis of 2, n =1,2,---. Then we have the following formulae(see[18]):

i(B) = lim ir]if |kt 5k+n|%
n

. 1
r(B) = llgnsgp |Skt1* Skgn| 7 -
We end the present paper with the following characterization:

Theorem 2.7. Let A, B € L(H) be hyponormal weighted right shifts, then we have the
equivalence :
R(0a.8) is closed < 04p(A) Nog(B) C {0}.

Proof. Suppose that R(d4,p) is closed. If 0 # z € 04p(A) N 0oep(B), then the circle
with radius |z| # 0 is contained in 04,(A4) [16, Problem 94]. By Theorem 2.1, we get
a contradiction with the fact that z is isolated in 04,(A). Hence necessarily o,,(A) N
oap(B) C {0}.

Conversely, suppose 04,(A4) N ogp(B) C {0}. We know that the hyponormality of the
weighted right shift Aep = agpery1 is equivalent to |ay| < |ag41]| for all &k [18, p. 48].
Using this later equivalence, we can verify easily that the closed linear span of ej for
which we have aj, = 0 (we denote it by H;) is a reducing space for A. With respect to
the decomposition H = H; @ Hi-, we have

A <o 0>Hl
O A/ HlL?

where A’ is a hyponormal weighted shift with nonzero weights (whenever Hi- # 0).
Similarly, we get a decomposition for B with respect to H = Hy @ H5- by setting

Ho>
=0 2),,,
Hy
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where B’ is a hyponormal weighted shift with nonzero weights (whenever Hs- # 0). Let

X = (Xl X2) € L(Hy® Hyi, H, @ Hi), we get

X3 X4
_ 0 Rp/(X2)
da.5(X) = (LA’ (X3) 5A’,B’(X4)) ’
where L4/(X3) = A’ X5 and Rp/(X2) = XoB’ are respectively the left multiplication by
A’ and the right multiplication by B’.

It follows from [10, Theorem 6.7] that the range of A’ is closed. Then there exists a
generalized inverse S of A’, that is, SA’S = S and A’SA’ = A’. We verify easily that Lg
is a generalized inverse of L 4/, in particular the range of L 4+ is closed. Similar argument
entails the closedness of the range of Rp:.

It is easily seen that if one of the spaces Hi- or Hj is the zero space, then §4/ g = 0.
Suppose none of theme is the zero space. Then A’ and B’ are weighted right shifts with
nonzero weights with approximate point spectrum {z € C | 0 < i(4") < |z| < r(4")} and
{ze C|0<i(B) <|z| <r(B’)} respectively ([18]). The hypothesis g4,(A4) Noyp(B) C
{0} entails that these annulus are disjoint. Three cases can occur:

Case 1 : o(A")No(B’) =0, then it follows from Rosenblum’s Theorem [19] that d 4/ g
is invertible.

Case 2 : 04p(A") No(B’) =0, in particular we have 04,(A") Nos(B’) = (), hence Davis-
Rosenthal Theorem [11] implies that § 4/ g/ is bounded below.

Case 3 : o(A") Nogep(B') = 0, in particular we get 05(A’) N ogp(B’) = 0, then Davis-
Rosenthal Theorem [11] implies that d 4/ p is surjective.

Consequently, the range of 04 p is closed. 0

ACKNOWLEDGEMENTS

The authors would like to thank the referee for his careful reading of the paper.
His valuable suggestions and his pertinent comments made numerous improvements
throughout.

REFERENCES

[1] G.R. Allan, Holomorphic vector-valued functions on a domain of holomorphy, J. Lond. Math.
Soc. 1 (1967), 509-513, doi:10.1112/j1lms/s1-42.1.509.

[2] G.R. Allan, On one-sided inverses in Banach algebras of holomorphic vector-valued functions, J.
Lond. Math. Soc. 1 (1967), 463-470,doi:10.1112/j1lms/s1-42.1.463.

[3] A. Aluthge and D. wang, w-hyponormal operators, Integral Equ. Oper. Theory, 36 (2000),

1-10,doi:10.1007/BF01194481.

C. Apostol, Inner derivation with closed range, Rev. Roumaine Math. Pures Appl. 21 (1976),

249-265,https://mathscinet.ams.org/mathscinet-getitem?mr=0410459.

[5] C. Apostol and J. Stampfli, On derivation ranges, Indiana Univ. Math. J. 25 (1976), 857-
869,doi:10.1512/iumj.1976.25.25067.

[6] J.H. Anderson and C. Foias, Properties which normal operators share with normal derivations
and related operators, Pacific J. Math. 61 (1975), 313-325,http://projecteuclid.org/euclid.
pjm/1102868028.

[7] S.R. Caradus, Generalized Inverses and Operator Theory, Queens Papers in Pure and
Applied Mathematics, 50, Queens University, Kingston, 1978 https://mathscinet.ams.org/
mathscinet-getitem?mr=0523736.

[8] M. Cho and H. Jin, On p-hyponormal operators, Nihonkai Math. J, 6 (1995), 201-206,http:
//www.ams.org/mathscinet-getitem?mr=1367054.

[9] M. Cho and K. Tanahashi, Isolated point of spectrum of p-hyponormal, log-hyponormal operators,
Integral Equ. Oper. Theory, 43 (2002), 379-384,doi:10.1007/BF01212700.

[10] J.B. Conway, The theory of subnormal operators, American Mathematical Soc, (1991),doi:
10.1090/surv/036.

[11] C. Davis and P. Rosenthal, Solving linear operator equations, Canad. J. Math. 26 (1974), 1384-
1389,d0i:10.4153/CIM-1974-132-6.

[4


https://doi.org/10.1112/jlms/s1-42.1.509
https://doi.org/10.1112/jlms/s1-42.1.463
https://doi.org/10.1007/BF01194481
https://mathscinet.ams.org/mathscinet-getitem?mr=0410459
https://doi.org/10.1512/iumj.1976.25.25067
 http://projecteuclid.org/euclid.pjm/1102868028
 http://projecteuclid.org/euclid.pjm/1102868028
 https://mathscinet.ams.org/mathscinet-getitem?mr=0523736
 https://mathscinet.ams.org/mathscinet-getitem?mr=0523736
https://mathscinet.ams.org/mathscinet-getitem?mr=1367054
https://mathscinet.ams.org/mathscinet-getitem?mr=1367054
https://doi.org/10.1007/BF01212700
https://doi.org/10.1090/surv/036
https://doi.org/10.1090/surv/036
https://doi.org/10.4153/CJM-1974-132-6

138

[12]
[13]
[14]

[15]

[16]
(17]
(18]
(19]
(20]

(21]

HAMZA EL MOUADINE, ABDELKHALEK FAOUZI, AND YOUSSEF BOUHAFSI

L.A. Fialkow, A note on norm ideals and the operator X — AX — X B, Isr. J. Math, 32 (1979),
331-348,d0i:10.1007/BF02760462.

L.A. Fialkow, Elements of spectral theory for generalized derivations, J. Oper. Theory, 32 (1980),
89-113,http://www.ams.org/mathscinet-getitem?mr=565753.

L.A. Fialkow and D.A. Herrero, Inner derivations with closed range in the Calkin algebra, Indiana
Univ. Math. J. 33 (1984), 185-211,doi:10.1512/iumj.1984.33.33010.

L.A. Fialkow , Structural properties of elementary operators, in Elementary Operators and
Applications, Blaubeuren, 1991, World Sci. Publ., River Edge, 1992, pages 55-113,https://
mathscinet.ams.org/mathscinet-getitem?mr=1183937.

P.R. Halmos, A Hilbert space problem, Springer (2012). https://mathscinet.ams.org/
mathscinet-getitem?mr=0675952.

M. Putinar and M. Martin, Lectures on hyponormal operators, Birkhauser(2012),doi:10.1007/
978-3-0348-7466-3.

W.C. Ridge, Approzimate point spectrum of a weighted shift, Tans. Amer. Math. Soc, 147(1970),
349-356,doi:10.2307/1995198.

M. Rosenblum, On the operator equation BX — XA = @, Duke Math. J. 23(1956), 263-269,http:
//projecteuclid.org/euclid.dmj/1077466818.

N. Salinas, Reducing essential eigenvalues, Duke Math. J, 40(1973), 561-580,http://
projecteuclid.org/euclid.dmj/1077309878.

J. G. Stampfli, On the range of a hyponormal derivation, Proc. Amer. Math. Soc. 52 (1975),
117-120,doi:10.2307/2040113.

Hamza El Mouadine: hamzamouadine@gmail.com
Laboratoire LIMA Département de Mathématiques, Faculté des Sciences, Université Chouaib Doukkali,
Avenue Jabran Khalil Jabran, P. O. Box 20, El Jadida, Maroc

Abdelkhalek Faouzi: faouzi.a@ucd.ac.ma
Laboratoire LIMA Département de Mathématiques, Faculté des Sciences, Université Chouaib Doukkali,
Avenue Jabran Khalil Jabran, P. O. Box 20, El Jadida, Maroc

Youssef Bouhafsi: ybouhafsi@yahoo.fr

Laboratoire LIMA Département de Mathématiques, Faculté des Sciences, Université Chouaib Doukkali,
Avenue Jabran Khalil Jabran, P. O. Box 20, El Jadida, Maroc.

Permanent Address: Département de Mathématiques, Centre Régional des Métiers de I’Education et
de la Formation Marrakech-Safi, Safi, Maroc.

Received 01/08/2025; Revised 31/12/2025


https://doi.org/10.1007/BF02760462
https://mathscinet.ams.org/mathscinet-getitem?mr=0565753
https://doi.org/10.1512/iumj.1984.33.33010
https://mathscinet.ams.org/mathscinet-getitem?mr=1183937
https://mathscinet.ams.org/mathscinet-getitem?mr=1183937
https://mathscinet.ams.org/mathscinet-getitem?mr=0675952
https://mathscinet.ams.org/mathscinet-getitem?mr=0675952
https://doi.org/10.1007/978-3-0348-7466-3
https://doi.org/10.1007/978-3-0348-7466-3
https://doi.org/10.2307/1995198
http://projecteuclid.org/euclid.dmj/1077466818
http://projecteuclid.org/euclid.dmj/1077466818
http://projecteuclid.org/euclid.dmj/1077309878
http://projecteuclid.org/euclid.dmj/1077309878
https://doi.org/10.2307/2040113
mailto: hamzamouadine@gmail.com
mailto: faouzi.a@ucd.ac.ma
mailto: ybouhafsi@yahoo.fr

	Introduction
	1. Preliminaries
	2. Main results
	Acknowledgements
	References

