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THE DUAL OF (p,0)-WEAKLY SUMMABLE SEQUENCES SPACE
AND ITS APPLICATION

FERRADI ATHMANE

ABSTRACT. In this paper, we prove that the space of strongly (r,p,o)-summable
sequences is the topological dual of the space of (p, o)-weakly summable sequences. As
an application, we provide a new proof that an operator T': E — F' is (p, o)-absolutely
continuous if and only if its adjoint T* : F* — E* is strongly (p*, o)-continuous.

1. INTRODUCTION AND PRELIMINARIES

The many focus of this paper is the examination of various sequence spaces with
elements in a Banach space. These sequence spaces are closely associated with the concept
of summability for operators between Banach spaces. For instance, one notable type
of operator is the absolutely p-summing operator II,, introduced by Pietsch [18], which
refers to continuous operators transforming weakly p-summable sequences into absolutely
p-summable sequences (as discussed in [12]). Numerous authors adopt this methodology
to characterize specific classes of linear operators defined by their summability properties
[3, 5, 10]. In this regard, Cohen, in [6], defined the Banach space ¢, (E) of strongly p-
summable sequences and utilized it to delineate the ideal of strongly p-summing operators
D,, the related dual result is also established, an operator is absolutely p-summing
operator if and only if its adjoint is strongly p*-summing operator. Similarly, Apiola in
[2] investigated the duality relation among the sequence spaces of weakly p-summable,
absolutely p-summable, and strongly p-summable sequences. Furthermore, Apiola’s work
extended to applying this duality relation to characterize the dual ideals of certain classes.
His notable demonstration revealed that the adjoint of absolutely p-summing operators
is strongly p*-summing operators. This discovery underscores the interconnectedness
between different types of summability and their corresponding dual properties within
the domain of linear operators.

The main goal of this paper is to study the duality between Banach spaces of vector-
valued sequences, and to analyze and characterize certain ideals of linear operators
associated with these sequence spaces.

After this introductory section, we delve into the following topics: In Section 2, we
prove that the dual space of (p, o)-weakly summable E-valued sequences is the space of
strongly (r, p, o)-summable E*-valued sequences. In Section 3, we show that an operator
T : E — Fis (p,o)-absolutely continuous if and only if its adjoint T : F* — E* is
strongly (p*, o)-continuous.

Finally, in Section 4, we provide a reformulation of the spaces of (p, o)-weakly summable
sequences and strongly (p, ¢, 0)-summable sequences. In addition, we present some new
results that follow from this reformulation.

Let’s outline some definitions related to the topic: According to Pietsch [12], a linear
operator T from a Banach space F into another Banach space F' is called absolutely
p-summing, where 1 < p < oo, if there exists a constant C' > 0 such that for every
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sequence (2;)52; € pw(E), the inequality
(T (i) ll, < C @)l

holds. The space of absolutely p-summing operators is denoted by IL,(E; F) and the
absolutely p-summing norm of T' € II,(E; F') is defined as the infimum of the positive
numbers C satisfying the defining inequality and it will be denoted by m,(T"). This is
equivalent to say that, if it sends weakly p-summable sequences to absolutely p-summable
sequences. On the other hand. A linear operator T': ' — F' is called strongly p-summing
[2, 6], if there exists a constant C' > 0 such that for all sequences (z;)72, € ¢,(E), the
inequality
(T (2:)iZ4 < C M)l

is satisfied. The space of all strongly p-summing operators is denoted by D,(E, F'), and
the strongly p-summing norm of T' € D,(E, F) is defined as the infimum of the numbers
C satisfying the defining inequality, and it will be denoted by d,(T"). This is equivalent to
say that, if it sends absolutely p-summable sequences to strongly p-summable sequences.

Let’s review some key notation and fundamental concepts concerning sequence spaces.
Let 1 < p < oo. We write p* for the extended real number that satisfies 1/p + 1/p* = 1.
Let E be a Banach space (for further details see [11, 12]).
> Let £,(E) be the Banach space of all absolutely p-summable sequences (z;)5°; C E
with the norm:

I@i)Zallp = (Z IIle”)

> We denote by £, ,,(E) the Banach space of all weakly p-summable sequences (x;)2, C F
with the norm:

I(@:)Z1llpw == sup (ZI(HC*,MI”) :

z*€Bpx \ ;7
> The normed space of (p, o)-weakly summable sequences (£, »(E), ||-||p,») was introduced
by Lépez Molina and Sanchez Pérez in [14] to provide a characterization of the ideal of
(p, o)-absolutely continuous operators. Here, we recall some properties of this space. Let
0 <o <1 Let (x;)2, C E, we define:

Hy o (E)
{0 Bsdoliz = s 11 Gawa )P ll) 2, Dy < o0}

We say that the sequence (x;)52, C E is (p,o0)-weakly summable if it belongs to the
vector space ¢, ,(E) generated by the set H, ,(E). The space ¢, ,(F) is a normed space
under the norm defined as follows:

k
[(@i)iZ1[lp,o == inf Z Ip,o ((#])21)
j=1

where the infimum is taken over all representations of (z;)72; of the form (z;)2, =
Zf L2532, with (27)2, € H, ,(E), k € N. The relationship between these spaces is
as follows:

{2 (B) Clyo(BE)Cl e ,(E),
and for each (2;)72; € {_»_(E) we have

()2l 2w < (@) Zallpo < Nl 2, -
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> A sequence (z;)$2; in E is said to be strongly p-summable if ((z},x;))52, € ¢; for all
()52, € £y« 1w (E*). We denote by £, (E) the vector space of all strongly p-summable
sequences in E. This is a Banach space, with the norm (see [6])

1) Zill @y = ZI i, i)

(=352 1Hp ws
We know that [2] for 1 < p < oo,

(bpw(E))* = bp- (E7) and (6,(E))* = £p- (E7).
> Let 1 < p,g < oo and 0 < o < 1 such that % 1_T" = 1. A sequence (2;)2, in F
is said to be strongly (p, ¢, o)-summable if ((x},z;))52, € ¢; for all (z})2, € £4.-(E").
We denote by €27 (E) the vector space of all strongly (p, ¢, 0)-summable sequences in E.
This is a Banach space, with the norm (see [10])

()2l p.g.0) = ZI i, i) |-

I\(w*)folllqa

2. MAIN THEOREM

The main result of this section is the following;:

Theorem 2.1. Let 1 < r,p < oo and 0 < o < 1, such that % +
(lp.o(E))* and £2:° (E*) are isometrically isomorphic through the mapping

= 1. The spaces

J 027 (E*) = (0,4 (E))*

(@7)iZy = J (7))
given by J((x7)221)((2:)721) = 3572 i (2:), for every (2:);2, € by o(E).

Before proceeding with the proof of the main theorem, we first establish the following
lemma and recall a weak principle of local reflexivity [11].

Lemma 2.2. Let 1 <p < oo and 0 <o < 1. Then, for every operator S € L(E; F) and

any sequence (x;)72, in Hp »(E), the sequence (S(x;))52, belongs to Hy »(F') and satisfies
the inequality

Ip,o ((S(xi))iZ1) < IS dp.o ((wi)iZ1)-
As a consequence, the canonical injection Jg : E — E**, defined by
Je(z)(e”) = (2%, z),

satisfies the following: if (x;)2, € Hy »(E), then (Jg(x;))32, € Hp o (E**).
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Proof. Let S € L(E; F) and (2;)52, € Hp »(E),

l—0o

Ino((S(z))iZy) = sup (Z (14S(z1), 57) l-asuz—)n”)“’”)

lly=l<1 \;=1

l—0o

!L‘l,S* * 1—0o S.’L‘z o &
= = |<1<Z NI lS @) )

i=1

- S* o o o % %U
= swp (X (1o D) s sl )
ly=li<1 \5= 1Sl
() )
< |IS|| sup < < Z;, s ||”
| H”y . (; S| 7l

> »
-0

<|IS|| sup <Z (@i, o) ' Nl |7 )) = [15110p,0 (i) Z41)-

llz* <1 \5=1

8

O

Theorem 2.3. Let M and F be normed spaces, dim(M) < oo, R € L(M, F**), and
N a subspace of F* with dim(N) < co. Then for every e > 0, there exists an operator
S e L(M,F) such that:

(a) IS < (1 + )| R|.

(b) #(S(y)) = R(y)(p) for all p € N and y € M.

Proof Theorem 2.1. First, let’s show that the operator J is well-defined. By Lemma 2.2,

]

e (W) ()

pol@)Z) s S

(Yi)§21€BH, o (B**) j—1
<6PU((:EZ)1 V) (= )z 1H (rp,0)

n

for all n € N and (z;);2, € Hp(E). Letting n — oo, we obtain

< Opo((@0)52) 1(27)2 1||(r,p, )"

Now, let (2;)%2, € £po(E) and € > 0, there exists (/)2 € H,,(E) such that

k
()21 = Z(wf)é’il and Y 8,0 ((2])721) < [(20) 21 Ipo +e.
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So, we have

Spo (@) 1@

IN

1@ Zs e + ) 1@y -
Since this holds for all € > 0, we obtain

) S (m3)2 1”17,0”( )2 1Hrpg>~

Hence, J((7})§2,) is well-defined, continuous and ||.J((x})2,) [ < [[(#7 )52 (7 p,0), Proving
that J is continuous and ||J|| < 1.
Let I; : E — ¢, »(E) be the i-th canonical injection, that is,

Ii(z) = (6;52) 57—, = (0,...,0,,0,...),

(with = placed in the i-th position) where §;; is the Kronecker delta. Let I : (¢, ,(E))* —
P (E*) be the operator given by I(¢) = (¢ o I;)2,. Let us see that I is well defined.
Let (gi)izl € Hp,a(E**)7 M = Span{gla cee agn}a N = Spim{%‘a s 7wn},wi =@o Iiv P e
(lps(E))*,t =1,...,n,n € N, R=1idg+-|,; and ¢ > 0. Then by Theorem 2.3, there
exists S € L(M, E) such that

Jj=1

[SI<(@+e)Rl=1+¢
¥i(5(&i)) = & (i)

for every i = 1,...,n. Therefore,
_Xn;&(w» = sz & |
- é«oom (5 (&)
- zj;so«éiﬁ@i»;?_l)

|0 ((S(€))i=1)]

< llelldp.o (S (£i))izr)

< lHS10p,0 ((€)i=1)
< [lell (X + €)8p,0 ((€:)i1)-

Since this holds for every € > 0 and n — oo, we obtain

Z& (po )| =Y & ()

i=1
Now let (£)22, € €, 5(E**) and € > 0, there exists (6/)%2, € H, ,(E**) such that

k
Z §;)iZ1 and 25, 21) < M€)Eillpe + e

< llelldp,o ((&i)iZ1) < oo
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So, we have

00 k oo k
DoGileo )| =D D & W] <lel Y 8po((€)Z) < el (1€t llpe +)-
1=1 j=11i=1 j=1

Since this holds for all € > 0, we obtain

D &ilpoly

i=1

< llellll€)Zillp.o

for every (&;);2; € £p» (E**), where I is well defined. I is clearly linear, and

@) erp.o) < llll-

Therefore, I is continuous with [I|| < 1. Note that [ o J = idg.e g« and Jo I =
id(fp,o(E))*' Hence,

lell = Il o L)l = [[TIe)IF < (P < el

Hence, J is an isometric isomorphism, which completes the proof. U

Corollary 2.4. The duality identification (¢, ,(E))* = 27 (E*) yields a new formula
for the norm || - ||p.o,

oo
(i) llp.e = sup D (e, m)
I(@)52 il p,oy <1 =1

3. APPLICATIONS

Many authors have studied ideals generated by the transformation of vector-valued
sequences, and among these studies, [1, 7, 8, 9, 10].

We say that T € L(E,F) is a (p,o)-absolutely continuous operator, in symbols
T €11, ,(E, F), if there exist a Banach space G and an operator S € II,(E, G) such that

Vo € B, ||Ta|| < [l=]|7[|Sz]I"~. (3.1)

In such case, we put m,,(T) = inf {m,(5)!77}, taking the infimum over all Banach
spaces G and S € I, (E, G) such that (3.1) holds.

The class of (p, o)-absolutely continuous linear operators is due to Matter [15]. In [14],
Molina and Sénchez-Pérez presented a characterization for these operators by using the
space of (p, o)-weakly summable sequences.

Theorem 3.1. For a linear operator T € L(E, F), the following statements are equivalent:
(i) Tell, ,(E,F)
(ii) There is a constant C > 0 such that for every (z;)52, € £y o (E),

I(T(za)Zall 2y <C- (@) Eallp.o- (3.2)

(iii) The induced map T : £, ,(E) — {2 (F), is a well-defined continuous linear
operator,

In addition, 7, ,(T) = |T| = inf{C > 0 : Csatisfies (3.2)}.

Definition 3.2. Let 1 < p,r < oo and 0 < ¢ < 1, such that % + 1};" = 1. An operator

T € L(E, F) between Banach spaces is strongly (p, o)-continuous if there is a constant
C > 0 such that for every (z;)52; € ¢,(E) and (y])52,; € £p+ -(F*), the following inequality
holds:

1T (o) )2l < C a2l ()2

(3.3)

p*,0 "
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The class of all strongly (p, o)-continuous linear operators from F into F' is denoted by
Dg(E, F), and by d,, ,(T') the strongly (p, o)-continuous norm, which is defined by

dpo(T) = inf{C > 0 : Csatisfies (3.3)}.

The class of strongly (p,o)-continuous linear operators introduced and studed by
Achour et al. in [1]. In [10], E. Dahia et al. presented a characterization for these
operators by using the space of strongly (r,p, o)-summable sequences.

Theorem 3.3. Let 1 < p, 1;” =1.ForT e L(E,F),
the following statements are equivalent:
(i) T € DY(E, F)
(iii) The induced map T : (,(E) — 27 (F), is a well-defined continuous linear
operator,

In addition, d, ,(T) = ||T).

Theorem 3.4. Let 1 < p,r < o0 and 0 < o < 1, such that % + 1_7" = 1. the following
statements are equivalent:

(i) Tell, ,(E,F)
(ii) T € Dy (F*, E¥).
In addition, mp (1) = dp- o(T™).
Proof. By Theorems 2.1, 3.1 and 3.3 we have,
T €l o(E,F) & T € L(lyo(E), L2 (F))
& T* € L(( 2 (F)*, (bpo(E)))
o T e L6y (F"), 67 (E7))
e T e Lt r( ),é’r”" (E7))
& T e Dy).(F*, EY).
Morover 7, ,(T) = 17| = | T|| = dp o (T%). O

4. REFORMULATION OF SEQUENCE SPACES AND THEIR CONSEQUENCES

Inspired by the ideas presented in [16, Section 4], we propose a restructuring of the
spaces of (p, o)-weakly summable sequences and strongly (p, ¢, o)-summable sequences.
Additionally, we present new results that naturally arise from this reformulation.

4.1. Weakly p|o-summable sequences. In this subsection, we reformulate the concept
of (p, o)-weakly summable sequences and present some results related to this reformulation.
Let 1 <p<ooand 0 <o <1. Let E be a Banach space and take a sequence (z;)$2; in
E. We set

Oplo((z4)i21) == sup <Z (@i, ) [0 || ) )

w*€Bp+ \ i3
We define the set H, |0(E) by

= {(2;)72, C E, such that 6,,((2;);2;) < 00} .
It can be observed that for p = oo, we have

Ooolo (@)i21) = sup sup | (ws, &™) |||
2*€Bp+ i€N

=sup [|z; |7 sup | {z; ") 177
ieN r*EBp*

= sup [l | 7||i[|' =7 = sup |||
ieN ieN
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that is, £ (E) = HDO\U(E) = eoonv(E) and 5oo|a(') =|- HOO,w =l lloo-
In the following proposition, we present the most significant possible inclusions.

Proposition 4.1. Let 0 < 01,09 <1 and 1 < pg,p1 < o0 such that 01 < 02 and p2 < p1.
Then

€P2(E) = H;D2|1(E) C Hp2|02(E) C Hp1|01(E) C Hp1|0( ) gm, ( )
Moreover,
|| : le,w = 6p1|0(') < 6?1\01(') < 6172\0'2(') < 6p2|1(') = || ) ||P2‘
To prove this proposition, we use the following lemma:

Lemma 4.2. Let 1 <p<oo, 0< 0 <1 and (z;){2; € Hpy,(E). Then the function

f:0,1] =R
- 1
o flo (Z (s, ) 177 ]|) )
i=1
1S tNCreasing.
Proof. To simplify the writing, we take the following functions:
gi(o) = | {zi, ™) '~ |||, A Zgz P and f(0) = h(o)"/7.
Then
(o) = (h(0)"/?)
1 1 - /
“h(a)YP R (o h(o)'/P—1 gi(o)?
. (o) (o) ’ (o) ; (o)
1 (oo}
~h(a)/P71 (gi(0)?)
p i=1
1 e o\ 1o | |1
=5h(0)1/” "N " pgi(0)P " gi(o) = h(o) /P 129 P iy ) [P || 7)
i=1

a)'/r= lzg )P @, 2 )Ml (nllas]l) = n(|{wi, 7))

>, gilo)” (1n< el
h(o)t/p* ’

For every z* € Bp~ we have In( | ) > 0 this implies that f'(¢) > 0. Finally, we

[{wi,z*)]
conclude that function f is increasing. O
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Proof. Proposition 4.1. Since the function f is increasing, we can conclude that f(0) <
f(o1) < f(o2) < f(1) implies that

<Z|<xi,x*>|’“> 1 Z(<xi,x*>|l—“l||mﬂl)’”>
Z(\ <xi,x*>|”2||zz—”2)’“> 1

1
o0 P2
S (| o) |1-02||xi”>p2>

P1

IN

IN

IN

1
o P2
znmm) |

By taking the supremum over all z* € E* with ||z*|| < 1, we obtain the desired result. O

IN

A sequence (z;)2, C E is said to be weakly p|o-summable if it is contained in the
vector space spanned by H,,(E). When p = 1, it is said that (z;)§2; in E is weakly
o-summable. We denote by £,,,(E) the space of all weakly p|o-summable sequences of

elements (x;)72, C E. We define the norm || - [/, as follows
(@)1 llplo
k) . k . .
= inf Z(spla((xg)?il) D(@i)i2y = Z(mg)?ih (xz)fil € Hp\d(E)v keN
j=1 j=1

Based on Proposition 4.1, the following corollary can be derived:

Corollary 4.3. Let 0 < 01,02 <1 and 1 < ps,p1 < 00 such that 01 < g9 and ps < p1.
Then

02 (B) = L1 (B) € Ly 1oy (B) € by 1oy (B) C Ly 0(E) = £y, (),
moreover, for every (x;)32, € £,,(E) we have
(@) Zallprw = 1) Zallpij0 < 1) Zallpy 1o,
< (@) Zillpafoe
< N@o)Zillpapn = () Za llpo-
As a special case

tp(E) C by (E) C lyw(E), moreover |- [lpw < |- [lpje < | - [lp- (4.4)

We establish a relationship between the sequence spaces of weakly p|o-summable and
(p, o)-weakly summable sequences as follows:

Remark 4.4. For 0 <o <1 and 1 <p < oco. We have:
lpo(E) =L 2_,(E) and || [lp0 = - | 2o (4.5)

1—0o

4.2. Strongly p|o-summable sequences. In this subsection, we reformulate the con-
cept of strongly (p, ¢, o)-summable sequences defined by Dahia et al. in [10] and discuss
some results associated with this reformulation. Let 1 < p < occand 0 <o < 1. A
sequence (x;)$2, in a Banach space E is strongly p|o-summable if ((x},x;))2, € 1 for all
(27)52, € Lp|o(E*). We denote the vector space of all strongly p|o-summable sequences
in E by £, (E).
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For (z;){2, € £p|s (E). We define the norm ||.||(,|s) as follows:

(@)1l (p1o) = sup {Z |(@i i) |- (29)E € sz*a(m} :
i=1

From the definitions it is clear that, for every 0 <o <1, 1(E) = {1, (E) = {1 (E) and
-y = oy = 1+ 2
In the following proposition, we present the most notable possible inclusions.

Proposition 4.5. Let 0 < 01,05 < 1 and 1 < po,p1 < oo such that 01 < g2 and
p1 < pa(& p5 < pi). Then

gpl\o <E> = Epl <E> C epl\al <E> - £p2|02 <E> C gp2( ) Epzll < > (46)
Moreover, for each (x;)2, € £,, (E) we have

@) Zillps = 1@)Z 1 lpain < 1@l ps102)
< ||(='L'z)zoi1 H(m\m)
<H@)Z il = I@)Zillmio)-

As a special case
lp (E) C lyjo (E) C Lp(E), moreover || - |lp < |- [lpjoy < I+ ll(p)- (4.7)
Proof. According to Corollary 4.3 we obtain
fp; (E*) = gp;“(E*) C €p§|02 (E*) C epﬂgl (E*) C €p>{|0(E*) = ép’l‘,w(E*)

So, for (z;)52, € £y, (E) we have

00 o0
l@)Zall = swp 3-lGha) = swp o 3Tad )| = @) g
@)y llps <152 (=) g0 <1 =y
< sup Z| | - ”(ml)l 1” (p2lo2)
H(If)il”pz\ﬂz— =1
< sup Z| | - ||(xl)l 1“ (p1lo1)
H(ajf)?il”pl\ﬂf i=1
o0
< sup Z|<x:,zz>|: sup Z\ X7, ;)
@) llpr0<1 521 I@)Zallpy,wst 520
= [@)Z 1l pajo) = (@) Z1ll (o) -
For p; = p2 = p and 01 = g5 = 0, we conclude the special case. O

We establish a connection between the sequence spaces of strongly r|o-summable and
strongly (r, p, o)-summable sequences as follows:

Remark 4.6. Let 0 <o <1land 1< r,p< oo with % + 1’7" = 1. We have:

gf’o <E> = ETIU <E> and ” : H(T,p,o) = ” : ”(rlo)‘
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Indeed, since % + I =1er= 2= we obtain
1—0o

o0

l@)Zillpey = sup > [ (ws,a]) |
M) llp <157

(4.5)
= sup Z‘ T, T 1

()52 1“ |<77 i=1
00

= sup Y [ (wia))]
([CES R RIS R

= (i) llirio)-
From (4.4) and (4.7) we find
Uy (E) Clypjo (E) CLp(E) C Lly)o(E) Clyw(E).

Moreover

I llpw < - Hlpte < A1 llp < M- Tproy < 11 lliwy-

The proof of the following theorem is similar to the proof of Theorem 2.1, and is therefore
omitted.

Theorem 4.7. Let 1 <p < oo and 0 < o < 1. The spaces (p,(E))* and €y, (E*) are
isometrically isomorphic through the mapping
J iy (E7) = ()0 (E))
(@7)i21 = J((#7)21)
given by J((x7)220)((2:)721) = 3272 7 (2:), for every (2:);2, € Lo (E).

As a special case of Theorem 4.7, Theorems 2.1 and 2.2, presented by Apiola in [2],
can be derived.

Corollary 4.8. If 1 < p < oo, then by Corollary 4.3, Proposition 4.5 and Lemma 2.1 we
obtain:

(lp,w (E))"=(Lpjo(E)) =Ly 1o (E) =Ly (E7),
and

(6p(E)) = (B))"=lpp (E7) =bp- (E7).

Corollary 4.9. The duality identification ({p),(E))* = Ly o (E*) yields a new formula
for the norm || - ||jo,

o0
(@)1 llplo = sup > (e @)
e TR IEE o

Based on the developments presented in Section 4, several new definitions can be
introduced, particularly those related to sequence spaces, such as:

e The space of Roshdi strongly (p, ¢|o)-summable sequences:

lp.qlo(E) = {(fﬂi)i’il CE: [[(zi)Zillpaoy = sup  ((@F, 7)) llp < OO}-

(@F)§2y lgx e <1

e The space of mixed (p|o, ¢)-summable sequences:
mix (E)

plo,g

= { @1 € B M)t =08 (IO 1D e} < 001
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e The space of anisotropic (p, ¢, r|o)-summable sequences:

orle(E)

p,q

(@021 C B @)Zalpario = s |[((]2)32)7,

(@), llrjo <1

H < 0
£q(Lp)

These spaces generalize the notions of strongly (p, ¢)-summable sequences introduced by
Roshdi [13], (p, ¢)-mixed summable sequences introduced by Pietsch [19] and by Pérez [17],
and anisotropic (p, ¢, 7|o)-summable sequences introduced by Campos et al. [4, 5], each
of which comes with its own structural properties and consequences. Likewise, various
new linear and nonlinear operator ideals associated with these sequence spaces can also
be introduced and studied.
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