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ABsTrRACT. We prove sufficient conditions for the faithfulness of the family of cylinders
generated by @ -expansions for the Hausdorff-Besicovitch dimension calculation. We
also represent the conjecture about necessary and sufficient conditions for such a
family of cylinders to be faithful. Based on these new results we study fine fractal
properties of random variables with independent @—digits and prove exact formulae for
the calculation of the Hausdorff dimension of the corresponding probability measure.

1. INTRODUCTION

Hausdorff measures and the Hausdorff dimension are important tools in the study
of fractals and singularly continuous probability measures. The determination or even
estimation of the Hausdorff dimension of a set or a measure is the crucial problem in
fractal analysis, and a lot of research papers were devoted to these problems. Because
of this reason many interesting methods for the simplification of the procedure of the
determination of the Hausdorff dimension were invented and developed during last 20
years. One approach to the simplification of the determination of the Hausdorff dimension
consists in some restrictions of admissible coverings. This idea came from Besicovitch’s
works and has been used by Rogers and Taylor to construct comparable net measures
as approximations of the Hausdorff measures. In this paper we develop this approach
via construction of net coverings which lead to a special family of net measures which
are more general that comparable ones. We shall discuss the notion of faithfulness and
non-faithfulness of the family of cylinders generated by different systems of numerations
for the Hausdorff dimension calculation.

Let us shortly recall that a family ® of subsets from the unit interval is said to be fine
family of coverings if for any subset F C [0;1] and for any € > 0 there exists an at most
countable e-covering {Ej} of E with Ejy, € ®. The a-dimensional Hausdorff measure of a
set F C [0,1] with respect to a given fine family of coverings ® is defined by

@ I : @ _ 1: «@
H*(B,®) = lim  inf Ej: |Bj|* = lim HX(E, @),
where the infimum is taken over all at most countable e-coverings {E;} of E, E; € ®.
The nonnegative number

dimy (E, ®) = inf{a: HYE, @) =0}

is called the Hausdorff dimension of the set E C [0,1] w.r.t. the family ®. If ® is the
family of all subsets of [0, 1], or ® coincides with the family of all closed (open) subintervals
of [0,1], then dimg (E, ®) is equal to the classical Hausdorff dimension dimg (E) of the
subset E C [0, 1].
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A fine covering family ® is said to be a faithful family of coverings (non-faithful family
of coverings) for the Hausdorff dimension calculation on [0, 1] if

dimy (E,®) = dimg(F), VE C0,1]
(resp. 3E C[0,1] : dimpy (FE, ®) # dimgy (E)).

It is clear that any family ® of comparable net-coverings (i. e., net-coverings which
generate comparable net-measures) is faithful. Conditions for Vitali coverings to be
faithful were studied by many authors (see, e.g., [5, 8, 10] and references therein). First
steps in this direction have been done by A. Besicovitch ([7]), who proved the faithfulness
for the family of cylinders of a binary expansion. His result was extended by P. Billingsley
([8]) to the family of s-adic cylinders, by M. Pratsiovytyi ([19]) to the family of @Q-S-
cylinders, by S. Albeverio and G. Torbin ([5]) to the family of @*-cylinders for those
matrices Q" whose elements poy, p(s—1)r are bounded away from zero.

In all of these papers authors used the essentially the same approach to prove the
faithfulness of the corresponding family of coverings: it has been shown that there exists
positive constants C' and ng € N such that for any € > 0 and for any interval (a;b) with
b — a < ¢ there exists at most ng cylinders from fine covering families which cover the
interval (a,b) and their lengths do not exceed the value C- (b—a). It is rather obvious that
such families ® of cylinders generates comparable Hausdorfl measures and, therefore, they
are faithful for the Hausdorff dimesnion calculation. In [2] authors correctly mentioned
that it was rather paradoxical that initial examples of non-faithful families of coverings
appeared firstly in the two-dimensional case (as a result of active studies of self-affine
sets during the last decade of XX century (see, e.g., [6])). The family of cylinders of the
classical continued fraction expansion can probably be considered as the first (and rather
unexpected) example of non-faithful one-dimensional net-family of coverings ([16]). By
using the approach which has been invented by Yuval Peres to prove the non-faithfulness
of the family of continued fraction cylinders ([16]), in [2] the non-faithfulness for the family
P(Qoo) of cylinders of the @ .-expansion with polynomially decreasing elements {g;} has
been proven. This shows, in particular, that the family of cylinders of the classical Liiroth
expansion is non-faithful. In the papers [1] and [18] problems of faithfulness for the family
of cylinders of Cantor series expansions were solved, and it has been shown in [22] that
these results are of extreme importance for the fractal analysis of the set of essentially
non-normal numbers.

In 2012 M.Ibragim and G.Torbin [12] developed a new method to prove faithfulness of
the family of cylinders of Q*-expansion for those matrices @ whose elements pox, p(s—1)k
do not tend to zero "rather quickly". In particular, they proved the following result.

Theorem Let g} := max{qok, 1k - - -, qs—1k}- If

. In qo. &

lim 3" =0
k—o00 1n§q1q2...qk) ’ (1 1)
lim e bb o = (),

oo (a7 as---az)
then
dimy(F) = dimy (E, ®(Q)), VE C]I0,1].

This theorem, being a generalization of [5], extended the family of faithful coverings
generated by cylinders of @*-expansion. In particular, one can easily apply this theorem
to prove faithfulness of the family of cylinders generated by the following matrix

i e L-..

101 Pl
Q=11_1% T Mk
2 110 21 10k

10 10
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On the other hand, if pox, p(s—1)r tend to zero "rather quickly" (let, for example, s=4,
Qok = 3k = ﬁ, SQ1k = Qok = % — ﬁ) then the above Theorem does not work.

In the next section we shall develop new approach to prove faithfulness of families of
coverings and prove essentially new sufficient conditions for @Q*-cylinders to be faithful
(we do not need any information about boundedness from zero of elements gor and q(s—1)x
or any information about the speed of their convergence to zero).

2. ON SUFFICIENT CONDITIONS OF FRACTAL FAITHFULNESS FOR THE FAMILY OF
CYLINDERS OF Q—EXPANSIONS

The notion of @—expansion is well known now (see, e.g., [4] ). The following theorem

gives a rather general sufficient condition for the family of cylinders of Q-expansion to be
faithful for the Hausdorfl-Besicovitch dimension calculation.

Theorem 1. Let Q, =q1 - q2 - ... - @n, where ¢ := max{q;t}, 0 <i <nyp — 1.
1

Let’s assume that the following conditions hold:

lim ng - Q% =0, ¥6>0; (2.2)
k—o0
> Q) < 400, V>0 (2.3)
k=1

Then the family @(@) of cylinders generated by @—empansion of real numbers is faithful
for the Hausdorff dimension calculation on the unit interval, i.e.,

dimy (E) = dimg (E, ®(Q)), VE c [0;1].

Proof. Let E be an arbitrary subset of [0;1], let o and € be arbitrary positive numbers,
and ¢ be an arbitrary number from the interval (0; ). Let {E;} be an arbitrary e-covering
of the set E, E; = [a;,b;], |E;| < €. For any Ej there exists the cylinder of minimal rank
mj,

Aarag ...y,
which is entirely contained in [a;;b;]. Since any cylinder of the k-th rank is a union
of cylinders of the next rank, then there are at most 2(n,,; — 1) cylinders of rank my,
belonging to [a;; b;].
Let M; be the family of all cylinders of rank m; belonging to [a;;b;]. Then the
a—volume of these cylinders does not exceed the value

2(nmj - 1)‘Ej|a < 2(nmj - 1) ' ((h g2 .. Qmj)6 : |Ej|a76
< 2, Q5. - |17 < 2C0(6) - |y
Taking into account the assumption 2.2 of the theorem, we deduce that there exists
Co = Cy(0) such that nijfnj < Cy(6), Vj € N.
Let ¢; :==min{z : © € M;}, and let d; := max{z : € M;}.
How to cover [a;;c;] with cylinders? Let

A

Y1Y2-Ymy ---’Ym v+s(1)
it
be the cylinder of the minimum rank belonging to [a;; ¢;]. It is clear that there exist at
most n_ ) such cylinders. Let us denote by L} the union of such cylinders. Their
its;

a-volume does not exceed the value

[0

n -max |A | =
( mj+s§.1)> | "/1’Yz~~’ij~~~’ij+s;1)71 %
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(where the maximum is taken for all such cylinders belonging to L; )

_ |0 |a—4
= (nm_j+s;1>) max (|A7172 (1) . Zl ‘AW1“/2~~~“/7,Lj+S;1)71 1| ) <

S
[B;1°7° < Co(0) - Q?

X | _|a—§'
ijrs;.l) J

s
<n - Q

= M ts! +(1) Q2+(1)
Taking into account the assumptlon 2.2 of the theorem, we deduce that there exists

Cy = C1(0) such that n._ <1>Q 4s) < C1(0), Vj € N.

Let c(»l) =min{z:z € Ll}
How to cover [a;;c; ( )] with cylinders? Let

A7172~~-%nj~- (1) -

mg +b n1'+s(1)+s(2)

be the cylinder of minimum rank contained in the [a;, c; M )} It is clear that there exist
at most n ., @ such cylinders. Let us denote by LJ2 the union of such cylinders.
its;Es;

Their a-volume does not exceed

[0
. X . —
(nmj+5§1)+s§2)) ma. |A’71'72~.’ij+5§1)+5§2)71 74‘

(where the maximum is taken for all such cylinders belonging to L? )

5 a—0
=(n 2 | -max | |A A ; <
( m; +S(1)+ ( )) <| ’7172...’ymj+s§1)+s§_2)_1| ‘ ’Y1’Y2~~’ij+sj(_1)+5§2)_l z| ) =

3 3
2 N2 . ja—0 N2 . =4
S m +S(l)JrS(Z) Qm,-+s§.1)+s§.2) Qmj+3§1)+$;2) |Ej| S Cl (5) Qmj+s§-1)+s;2) |EJ| .

Continuing this process by induction, we can get two possible situations:
a) aJ_c( ) for some k € N;

b) aj<c§ ), VkeN.
In case a) we get a finite number of cylinders that cover [a;, ¢;]. Their total a-volume
does not exceed the value

C1(6) - |Bj|o~0 (Z Q: ) .
k=1

In case b) we get a countable number of cylinders covering [a;, ¢;]. Their total a-volume
does not exceed the value

s s
_5 2 3
Cl (5) : |Ej|a : <Q2 (1) an +8(1)+ (2) + .o+ Q;j+s‘§1)+5§2)+m+s§m + .. )

< Cy(6) - |By|*° - (ZQE) :
k=1

In both cases, there is a finite or countable number of cylinders that covers [a;, ¢;] and
their a-volume does not exceed the value

C1(8) - By (Z Qi ) -
k=1
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The situation is similar with [d;, b;]: there is a finite or countable number of cylinders
that cover [d;, b;] and whose a-volume does not exceed the value

C1(0) - || - (Z%)

Therefore, the segment [a;,b;] can be covered by a finite or countable number of
Q-cylinders, and the a-volume of this covering does not exceed the value

2Co(8) - ;|70 +2C1(6) - |E;|*~° - <Z QE) :
k=1

Let C3(d) := max{Cy(6); C1(§)}. Then
k=1

< 205(8) - | By|*° - (1 + i@%) =205(0) - [B4|*° - (1+ 5())

where, S(0) := Z Qk

Therefore, for a given set E, for any € > 0, for any « > 0, for any ¢ € (0, @) and for any
e-covering of E by segments {E;}, there exists the e-covering of the set E by Q- cylinders
whose a-volume does not exceed the value

205(8) - | B5|*° - (14 5(9)).
Therefore, for an arbitrary e-covering of the set E by segments {E;} we get

H(E,®(Q)) < 205(8) - (1 + S( Z|E|a °, Voe(0;q).

Therefore,
HE (B, ®(Q)) < 2C5(6) - (1+ 8(8)) - H*%(E), Ve >0, Ya >0, V6 € (0;a).
So,

H(E,®(Q)) < 2C,y - (14 S(6)) - H*%(E), « >0, V6 € (0;a).
Therefore,
dimy (E,®(Q)) < dimyg(E)+46, Vé>0.
Since this inequality holds for any arbitrary small §, we obtain
dimpy (E, ®(Q)) < dimp (E), VE.

It is clear that for any fine covering family ® and for any subset F the following
inequality holds
So, for an arbitrary set E C [0, 1] we get the desired equality

dimp (E) = dimg (E, (Q)).
Remark 1. If the sequence {ny} is bounded, then condition 2.3 implies condition 2.2.

That is, if > Q% < +oo, V8 > 0, then the family ®(Q) is faithful.
k=1
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Remark 2. If {ny} is unbounded, then condition condition 2.3 does not imply
condition 2.2.

Let us consider the relevant counterexample. Let ng = 22k, Qi = 2% for each
i€{0,1,...,n; —1}. Then, Qy = 2%2%2% = 22“%_2. It is obvious that, ¥§ > 0
o0
series > Qi converges. On the other hand
k=1
mQf =22t L grresettien o ys o L
k<l — 9(2k+1-2)5 - ) 9

Remark 3. Condition condition 2.2 does not imply condition 2.3.
In order to show this fact, consider the following example. Let ny = 3, Vk € N, and
let us consider the following matrix @ = ||¢;x||, where ¢ € {0, 1,2}, such that:
L ifk=10% seN;
OEZ 1 &, ik £10°, se N,

_{§, if k = 10°, s € N;

S, ik #10°, s € N.

17
Qik = Qor = —5

Let us estimate

1 1 1,1 1 1
Q1ok:(1—§)(1—1)'~~‘(1—2*9)‘g'(l_ﬁ)""'(l_w)<
<1-1 L 11 < (: k

g 3 3)

)

For any k € N, there exists a uniqu
that s — oo as k — oo.
Therefore,

s = s(k) such that 10°~! <k < 10°. It is clear

lim n;Q% =0, ¥é > 0.
k—o0

o0
In order to prove the divergence of the series > Q9 for some § we estimate Q. It is
k=1
well known that:

ﬁ(l;>a0>0,

n=1
then,
1
11 <1—2n) > ag, VF C N.
neF
Therefore,
ap < H (1—1) <1, VFCN.
neF 2n
So, Vk € N

where s = s(k).
Then,

i@izg-agwo-(‘;0)5+900-(Lg’)é+...+(1ok—1ok1)-(‘?) ... =
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0 10% 10 10%

=9. a0(1—|—3 +325+335++3,€5+>:+oo,vo<6<1

Therefore, E QS = +oo, V5 € (0;1).

ConJecture We believe that conditions 2.2 and 2.3 are also necessary conditions for
the faithfulness of the family <I>(Q) for the Hausdorff-Besicovitch dimension calculation
on the unit interval.

3. FINE FRACTAL PROPERTIES OF PROBABILITY MEASURES WITH INDEPENDENT

QQ-SYMBOLS
Let {&} be a sequence of independent random variables taking values 0,1,...,n; — 1
nkfl
with probabilities pok, P1k, - - - » Pny—1k respectively (pix >0, > pix = 1). The random
i=0
variable
&= A51§2

is said to be the random variable with independent @v—syrnbols7 and the corresponding
probability measure v¢ is called a probability measure with independents @—symbols. The
distribution ¢ is completely determined by two matrices: Q and P = llpik||-

The Lebesgue structure of vg is well studied (see, e.g., [4]). It is known, in particular,
that the distribution of £ is of pure type.

Let v be a continuous probability measure [0, 1], and let ® be the family of cylinders
generated by some expansion. Then

H(E, v, ®) = lim v<£§fge ji:q) (Ej) ¢ | = lim HX(E, v, ®),
where Ej € P, Uj Ej O F.
The number
dim, (E, ®) = inf{a: HY(E, v,®) =0}
is called the Hausdorff-Billingsley dimension of a set E w.r.t. v and ®.
Let us recall ([17]) that for a given probability measure p the number

dim = inf {dimy FE
H M “<E)=1{ B}
is said to be the Hausdorff dimension of the measure p.
For the formulation of the following theorem, we introduce the notation:

njfl

- Z pijInpi,;  Hp:= ) hj.

M-

1

J

njfl

=Y pijlngij; By =

M-

b;.
1

J
nj—l

dj = 71)? —+ Z pij 1I12 Qij-
1=0
’I’Ljfl

2

= —h? + Z Dij In Dij-

1=0
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Theorem 2. Let g = maxq;, and Qp = q1 - qo - ... - q,. Let us assume that conditions
2.2 and 2.8 hold and

> L < oo (3.4)
=17
> L < oo (3.5)
=17
B,
lim — > 0. (3.6)
n—oo N

Then the Hausdorff dimension of the distribution of a random variable with independent
Q-symbols is equal to

dimpg ve = lim Ly
n—oo n

Proof. Let A, (z) = Agl(x)%(ac)man(m) be the cylinder of rank n containing x. Let

v = v¢ be the corresponding probability measure and let u be the Lebesgue measure on
[0, 1].
Then
V(An(m)) = Pay(2)1 " Paz(x)2 " -+ " Pap(z)n>
Let us consider

3 Inpy. (2
(A, () o P
A

In pu(

Inqo; (a);
1

~
I

If a real number z = Agl(z)%(r)__%(z)m is chosen randomly so that P(a;(x) = 1) = p;;
i.e., the distribution of the random variable = coincides with the initial probability measure
v, then {n;} = {n;(z)} = {Inpy,(x);} and {¢;} = {j(z)} = {In gy, ();} are sequences of
independent random variables with the following distributions.

n; [ Inpoj |Inpyy [ ... | Inpe, 1) Yj [Ingoy | Inquy | ... [ Inge,—1);
Poj P1j ‘- Pnr—1)j DPoj P1j e P(ng—1)j
Consider the following values:
’I’Lj*l
i=0
nj—1

M7 = Z pij In® pij.
i=0

D(n;) = M(n3) — M*(n;) = |
From assumption 3.5 and the strong law of large numbers it follows that for v-almost
all z € [0, 1] the following equality holds

iy (T2 A ) = M+ a4 4 1)
n—oo n
Let us remark that M(m +n2 + ... + ) = —H,.
Let’s apply strong law of large numbers to the sequence {1;}. Consider the following
values:

=0.
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s—1 s—1
Mip; = —b; = Zpij Ing;;, My?= Zpij In? g;;.
i=0 1=0
It is clear that
D(y;) = M(¢3) — M?(¢p;) = d;
From assumption 3.4 and the strong law of large numbers it follows that for v-almost
all z € [0, 1] the following equality holds

. (V1 + Vo + o+ ) — M (1 + b + ... +y)
1m

n—00 n

Let us remark that M (1 + ¥ + ... + ¢,) = —B,,.
Consider the set

e ()

=0.

n n

(m(z)+n2(r)+~»+nn(r)+Hn) _ Hy (wl(z)+¢2(a:>+...+wn(z)+3n)
Bn
0

=<¢x: lim =
n—o0 (w1(x)+w2<w)+...+wn(x)+8n) _ B
n n
nj—1 nj—1
The classical Gibbs inequality implies that — Z pijInp;; < Z pij Inp;; ( proofs

of the Gibbs inequality can be found in [9, 15]). That is h; < b; and hence 0 < H" =

SIS
ji= lb

Since (by the assumption 3.6 of the theorem) lim % > 0, then exists a constant
n—oo

c1 > 0, such that inequality |%| > ¢1 holds for all n € N.
Therefore, for v-almost all z € [0, 1]

(m(z)+nz(:c)+...+nn(x)+Hn) _H, (1/»1(z)+'«/)2(w)+...+wn(m)+3n)
B,
=0

i (1/)1(w)+w2($)+~.+wn(m)+3n) _ By

n

So, ¥(A) =1 and dim, (4, ®) = 1.
Let us consider the sets

Alz{m: . (nl((x)ing(x))+...+nn(x) _Hn) :0};

=00 \ 1 (2) + ¥2(2) + ... + Un(z) Bn
o= o i (Ot ) < e
= R < )
= {os i (G ) 2 ) =
e Jm iy 2

It is obvious that A C Ay. Let us prove th
is known that

@

inclusion of sets A; C A and A C As. It

lim (z, —y,) < lim (z,) — hm (yn)

n—oo n—oo

Then
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. (Inv(An(z)) H, . Inv(An(z) . Hy
lim | o)) e o gy 2SRy 2
s <ln,u(An(x)) B,) = mosslnp(An(z)) w5 By
If x € Ay, then
. Inv(A,(x)) H,
1 —_— =
ngﬁo<nu(An(:¢)) B
Therefore,
. Inv(A,(2)) . H,
< ——n ==
0 A @) A B,
Then

Thus, = € A3, and A; C As.

If x € A, then
) lnv(A,(z)) Hp,
1 —— | =0.
i (Bra) ~ 5) =
Then
. H, Inv(A,(z))
T —0.
n1—>Il<;lo<Bn In p(A,(2)) 0
Therefore,
) H, Inv(A,(z)) . H, Inv(A,(x))
=1 — < lim — — .
0= lm (Bn (A (z)) ) = n5ss B, moss In (A (2))
Then

Thus, x € Ag, and A C As.
From A C Ay, it follows that dim,(A, ®) < dim,(As, ®). Let D = lim g—:, from

n—oo
theorem [8], it follows that dim,(As, ®) < D, therefore, dim, (A, ®) < D.
From the condition A; C A3 and from the Billingsley theorem [8] we get dim,, (A, ®) >
D -dim,(A,®) =D-1=D. So, dim,(4, ) = D.
Since p is the Lebesgue measure on [0, 1], we get dimpy (A, ®) = dim, (A4, ®) = D.
From the above theorem, and from assumptions 2.2 and 2.3 of this theorem it fol-

lows that the family ®(Q) of cylinders of the @Q-expansion is faithful for the Haus-
dorff-Besicovitch dimension calculation on the unit interval [0, 1]. Hence,

Finally, let us prove that the constructed set A is the minimal dimensional support of
the measure v.

Let us consider an arbitrary support C' of the measure v, that is, v(C) =1 . It is
clear that the set C; = C' N A is also a support of the measure v and that Cy C C. Then
dimy (Cy) < dimpg(C) and Cy C A. Let us prove that dimy (Cy) = dimg(A4).

From Cy C A it follows that dimg (C7) < dimg(A) = D. On the other hand,

L oA
ClCACAg—{ : rLaaolnM(An(x))ZD}'

Therefore, from the Billingsley theorem [8] it follows that
dimz (Cy) = dimy,(Cy, ®) > D - dim, (Cy, &) = D -1 = D.
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